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We examine the effects of the isovector-vector coupling and hypercharge-vector coupling in quark
matter on hadron-quark coexistence in neutron-star matter. The relativistic mean field theory with
the TM1 parameter set and an extended TM1 parameter set are used to describe hadronic matter,
and the Nambu-Jona-Lasinio model with scalar, isoscalar-vector, isovector-vector and hypercharge-
vector couplings is used to describe deconfined quark matter. The hadron-quark phase transition is
constructed via the Gibbs conditions for phase equilibrium. The isovector-vector and hypercharge-
vector couplings in quark matter enhance the symmetry energy and hypercharge symmetry energy
in neutron-star matter, while their effects are found to be suppressed at high densities by the strange
quarks. As a result, the hadron-quark mixed phase shrinks with only isovector-vector coupling and
moves to higher density with isovector-vector and hypercharge-vector couplings. The maximum
mass of neutron-star increases slightly with isovector-vector and hypercharge-vector couplings.
PACS numbers: 21.65.Qr, 26.60.Dd, 26.60.Kp, 64.10.+h
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I. INTRODUCTION
Existence of the first-order phase transition in dense
neutron-star matter is of primary interest in nuclear
physics and compact star astrophysics. In the inner core
region of massive neutron stars, the baryon density may
reach (5 − 10)n0 (n0 ≃ 0.15 fm
−3), and the chiral and
deconfinement hadron-quark phase transition may oc-
cur [1–3]. At present, the sign problem prevents us from
predicting the properties of cold dense matter in the first
principles calculations such as the lattice QCD Monte
Carlo simulations, then phenomenological approaches as
well as experimental and observational data are necessary
to explore the inner part of neutron stars.
One of the theoretical approaches to study the phase
transition is to apply chiral effective models such as
the Nambu-Jona-Lasinio (NJL) model. The first-order
phase transition can occur at the baryon chemical po-
tential µb = (1000 − 1200) MeV using the chiral effec-
tive models. Unfortunately, the order of the transition
depends on the parameters, and the equation of state
(EOS) of nuclear matter at low densities is not well de-
scribed by the NJL model. Thus it is more realistic to
consider the coexistence of hadronic and quark matter
in order to predict the transition density. The QCD
phase transition signal during the core collapse super-
novae was investigated by using a relativistic mean field
(RMF) model for hadronic matter and a bag model for
quark matter [4, 5], and the early collapse [4] or the
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second shock [5] was found to signal the transition to
quark matter. In this case, the transition is necessar-
ily of the first order and the transition density strongly
depends on the bag constant. The hadron-quark coex-
istence is investigated also by using RMF for hadronic
matter and the NJL model for quark matter [6–8]. In
RMF, the isovector-vector meson (ρ) plays an important
role to control the symmetry energy in hadronic mat-
ter, and the coupling has been carefully chosen to ex-
plain the properties of finite nuclei. By comparison, the
isovector-vector coupling in quark matter has been con-
sidered less carefully. The isovector-vector coupling con-
stant (G3) was chosen to beG3 = 1.5G0 in Refs. [7, 9] and
G3 = G0 in Ref. [10], where G0 is the isoscalar-vector
coupling, while the isovector-vector coupling was ignored
in Ref. [6]. This difference comes from the two indepen-
dent types of the chiral SU(Nf ) vector coupling terms,
(q¯γµq)
2 and
∑
α
[
(q¯γµλαq)
2 + (q¯iγµγ5λαq)
2
]
[11]. The
second type includes the isovector-vector coupling terms
and gives rise to symmetry energy in quark matter, the
energy increase from the u and d quark imbalance. Since
the symmetry energy in nuclear matter is known to affect
the neutron-star properties such as radii, it is expected
to be important also in the hadron-quark coexistence.
In this work, we examine the role of the isovector-
vector coupling in quark matter on the hadron-quark
coexistence in neutron-star matter. For this purpose,
we apply RMF for hadronic matter and the three-flavor
NJL model for quark matter, and we compare the co-
existence density region with and without the isovector-
vector coupling term in NJL. A finite isovector-vector
coupling in quark matter enhances the symmetry en-
ergy in quark matter, which characterizes the increase
of the energy per baryon from unbalanced u and d quark
densities. In addition to this isospin symmetry energy,
2the hypercharge symmetry energy appears with Nf = 3
and controls the s quark contribution. We also examine
the effects of nuclear matter symmetry energy slope L.
We use the TM1 parameter set (L = 110.8 MeV) [12]
and an extended TM1 parameter set (TM1e) [13], where
the symmetry energy at the density of nb = 0.11 fm
−3
is fixed and the symmetry energy slope is tuned to be
L = 50 MeV. We find that the quark-matter symmetry
energy increases the starting density of the hadron-quark
coexistence and enhances the maximum mass of neutron
stars. The quark-matter symmetry energy effects on the
hadron-quark coexistence are suppressed by the s quarks
and are smaller than those of the nuclear matter symme-
try energy.
There are two comments in order. First, it should
be noted that Pereira et al. have already discussed
the effects of the isovector-vector coupling of quarks on
the hadron-quark coexistence, and have found that the
isovector-vector coupling pushes up the starting density
of the coexistence for a given value of the isoscalar-
vector coupling [8]. One of the differences of the present
work and Ref. [8] is in the hadronic matter EOS. For
hadronic matter, they adopt the NL3ωρ parameter set
which derives stiffer EOS at high density than TM1 and
TM1e, then most of the parameter sets predict the 1.4M⊙
neutron-star radii larger than the range, 10 km . R1.4 .
13.6 km [14], constrained by the gravitational wave ob-
servation from a binary neutron-star merger event [15].
Thus it would be valuable to examine TM1e, which pre-
dicts smaller neutron-star radii as shown later in Table
II. Second, we do not consider here hyperon admixture in
neutron stars. If hyperons Λ,Σ, and Ξ are taken into ac-
count in a standard way in RMF, the neutron-star maxi-
mum mass is known to become much smaller, and many
hyperonic matter EOSs cannot support 2M⊙, as shown
for example in Ref. [16]. One of the ways to avoid this hy-
peron puzzle is to consider additional repulsion for hyper-
ons at high densities, then the hyperon fractions would
be smaller and their effect may not be large. Therefore
the role of hyperons should be limited, while we need to
introduce additional couplings in hadronic matter.
This article is organized as follows. In Sec. II, we in-
troduce the RMF model and the NJL model with the
isovector-vector coupling for hadronic and quark matter,
and we briefly describe the Gibbs conditions used as the
equilibrium conditions in the hadron-quark mixed phase.
In Sec. III, we show the numerical results of the hadron-
quark coexistence in neutron-star matter and discuss the
impact of the isovector-vector coupling. Section IV is
devoted to a summary.
II. HADRONIC MATTER, QUARK MATTER
AND HADRON-QUARK COEXISTENCE
A. Hadronic matter
We adopt the RMF theory to describe the hadronic
phase, in which baryons interact by exchanging the
isoscalar scalar (σ), isoscalar vector (ω), and isovector
vector (ρ) mesons. These mesons are treated as classical
field under the mean field approximation. For neutron-
star matter, we use the Lagrangian given as
LRMF =
∑
i=p,n
ψ¯i
{
iγµ∂
µ − (M + gσσ)
−γµ
[
gωω
µ +
gρ
2
τaρ
aµ
]}
ψi
+
1
2
∂µσ∂
µσ −
1
2
m2σσ
2 −
1
3
g2σ
3 −
1
4
g3σ
4
−
1
4
WµνW
µν +
1
2
m2ωωµω
µ +
1
4
c3 (ωµω
µ)
2
−
1
4
RaµνR
aµν +
1
2
m2ρρ
a
µρ
aµ
+Λv
(
g2ωωµω
µ
) (
g2ρρ
a
µρ
aµ
)
+
∑
l=e,µ
ψ¯l (iγµ∂
µ −ml)ψl, (1)
which contains the contributions of baryons (n and p)
and leptons (e and µ). Wµν and Raµν are the antisym-
metric field tensors for ωµ and ρaµ, respectively. The
parameters in the Lagrangian are usually determined by
fitting nuclear matter saturation properties and ground-
state properties of finite nuclei. We use the TM1 param-
eter set [12] and an extended TM1 parameter set [13],
referred to as the TM1e parameter set in later discus-
sions. In TM1e, the symmetry energy slope parameter
is tuned to be L = 50 MeV at saturation density, as
listed in Table I. For the homogeneous matter system,
the meson field equations have the following form:
m2σσ + g2σ
2 + g3σ
3 = −gσ
(
nsp + n
s
n
)
, (2)
m2ωω + c3ω
3 + 2Λvg
2
ωg
2
ρρ
2ω = gω (np + nn) , (3)
m2ρρ+ 2Λvg
2
ωg
2
ρω
2ρ =
gρ
2
(np − nn) , (4)
where nsi and ni represent the scalar and vector densities
of the ith baryon (i = n, p), respectively. The equa-
tions of motion for nucleons give the standard relations
between the densities and chemical potentials,
µp =
√
(kpF )
2
+M∗2 + gωω +
gρ
2
ρ, (5)
µn =
√
(knF )
2
+M∗2 + gωω −
gρ
2
ρ, (6)
where M∗ =M + gσσ is the effective nucleon mass, and
kiF is the Fermi momentum of species i, which is re-
lated to the number density by ni =
(
kiF
)3
/3pi2. For
3neutron-star matter in β equilibrium, the chemical po-
tentials satisfy the relations µp = µn − µe and µµ = µe,
where the chemical potentials of leptons are given by
µl =
√
klF
2
+m2l . In neutron-star matter, the total en-
ergy density and pressure are given by
ε =
∑
i=p,n
1
pi2
∫ ki
F
0
√
k2 +M∗2k2dk
+
1
2
m2σσ
2 +
1
3
g2σ
3 +
1
4
g3σ
4 +
1
2
m2ωω
2 +
3
4
c3ω
4
+
1
2
m2ρρ
2 + 3Λv
(
g2ωω
2
) (
g2ρρ
2
)
+ εl, (7)
P =
∑
i=p,n
1
3pi2
∫ ki
F
0
1√
k2 +M∗2
k4dk
−
1
2
m2σσ
2 −
1
3
g2σ
3 −
1
4
g3σ
4
+
1
2
m2ωω
2 +
1
4
c3ω
4 +
1
2
m2ρρ
2
+Λv
(
g2ωω
2
) (
g2ρρ
2
)
+ Pl, (8)
where εl and Pl (l = e, µ) are the energy density and the
pressure from leptons, respectively.
B. quark matter
We adopt the three flavor NJL model to describe the
deconfined quark phase. The Lagrangian is given by
LNJL = q¯
(
iγµ∂
µ −m0
)
q +GS
8∑
a=0
[
(q¯λaq)
2
+ (q¯iγ5λaq)
2
]
−K {det [q¯ (1 + γ5) q] + det [q¯ (1− γ5) q]}+ LV ,
(9)
with
LV =−G0(q¯γ
µq)2 −GV
8∑
α=1
[
(q¯γµλαq)
2 + (q¯iγµγ5λαq)
2
]
,
(10)
in which q denotes the quark field with three flavors (Nf
=3) and three colors (Nc =3). The determinant inter-
action is included in order to take account of the U(1)A
anomaly. GS , G0, and GV are the scalar, flavor-singlet-
vector, and flavor-octet-vector coupling constants, re-
spectively, and have dimensions of energy−2. In the mean
field approximation, only those terms with diagonal ma-
trix elements in λα remain, then LV is reduced to
LV = −G0(q¯γ
µq)
2
−G3
[
(q¯γµλ3q)
2
+ (q¯iγµγ5λ3q)
2
]
−G8
[
(q¯γµλ8q)
2 + (q¯iγµγ5λ8q)
2
]
. (11)
In the flavor SU(3) limit, the isovector-vector coupling
(G3) and hypercharge-vector coupling (G8) constants
should be the same, G3 = G8 = GV . In order to dis-
cuss the (isospin) symmetry energy and the hypercharge
symmetry energy effects separately, we consider the cases
with G3 6= G8 as well.
In the mean field approximation, quarks get con-
stituent quark masses by spontaneous chiral symmetry
breaking,
m∗i = m
0
i − 4GS〈q¯iqi〉+ 2K〈q¯jqj〉〈q¯kqk〉, (12)
where 〈q¯iqi〉 ≡ Ci denotes the quark scalar density, and
(i, j, k) is a permutation of (u, d, s). For charge neutral
quark matter containing quarks (u, d, and s) and leptons
(e and µ) in β equilibrium, the chemical potentials satisfy
the relations µs = µd = µu + µe and µµ = µe, where the
chemical potentials of u, d, and s quarks are given by
µu =
∂ε
∂nu
=
√
kuF
2 +m∗2u + 2G0 (nu + nd + ns)
+2G3 (nu − nd) +
2
3
G8 (nu + nd − 2ns) , (13)
µd =
∂ε
∂nd
=
√
kdF
2
+m∗2d + 2G0 (nu + nd + ns)
−2G3 (nu − nd) +
2
3
G8 (nu + nd − 2ns) , (14)
µs =
∂ε
∂ns
=
√
ksF
2 +m∗2s + 2G0 (nu + nd + ns)
−
4
3
G8 (nu + nd − 2ns) . (15)
The energy density of quark matter is given by
εNJL =
∑
i=u,d,s
[
−
3
pi2
∫ Λ
ki
F
√
k2 +m∗2i k
2dk
]
+2GS
(
C2u + C
2
d + C
2
s
)
− 4KCuCdCs
+G0(nu + nd + ns)
2
+G3(nu − nd)
2
+
1
3
G8(nu + nd − 2ns)
2
− ε0, (16)
where ε0 is subtracted to ensure εNJL = 0 in the vacuum.
The total energy density and pressure for quark matter
are given by
εQP = εNJL + εl, (17)
PQP =
∑
i=u,d,s,e,µ
niµi − εQP. (18)
We employ the parameter set given in Ref. [9], m0u =
m0d = 5.5 MeV, m
0
s = 140.7 MeV, Λ = 602.3 MeV,
GSΛ
2 = 1.835, and KΛ5 = 12.36. The vector couplings
(G0, G3, G8) are considered as free parameters, and we
use G0 = 0.25GS, G3, G8 = (0, 1.5, 10) G0. For larger
G0 values (G0 > 0.27GS), the energy in quark matter is
found to be always larger than that in hadronic matter
4TABLE I: Parameters in the TM1 and TM1e parameter sets. The masses are given in the unit of MeV.
Model L(MeV) M mσ mω mρ gσ gω gρ g2 (fm
−1) g3 c3 Λv
TM1 110.8 938.0 511.198 783.0 770.0 10.0289 12.6139 9.2644 −7.2325 0.6183 71.3075 0
TM1e 50 938.0 511.198 783.0 770.0 10.0289 12.6139 12.2413 −7.2325 0.6183 71.3075 0.0327
at high densities, and there is no phase transition. The
parameter choice of G3 = G8 = 1.5G0 corresponds to the
Lagrangian adopted in Refs. [7, 9]. The larger isovector-
vector coupling, G3 = G8 = 10G0, roughly gives the
symmetry energy slope of LQ ≃ 50 MeV. The vector
couplings increase the energy per baryon as
∆εV
nb
=9G0 nb +G3 nb δ
2 + 3G8 nb δ
2
h , (19)
δ =
nd − nu
nb
, δh =
nb − ns
nb
=
B + S
B
. (20)
There are two types of asymmetry parameter, δ and δh,
which are the isospin asymmetry and the hypercharge
(Y = B+S) fraction. The symmetry energy is defined as
the coefficient of δ2, then the vector coupling contribution
to the symmetry energy is given as
∆SV (nb) =G3 nb = G3 n0 + 3G3 n0
(
nb − n0
3n0
)
. (21)
The vector coupling contribution to the slope parameter
is ∆LV = 3G3n0 = 6.6 and 44 MeV for G3 = 1.5G0 and
10G0, respectively.
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FIG. 1: (Color online) Symmetry energy as a function of the
baryon number density for the pure hadronic phase (black
lines) and the pure quark phase (blue lines) with different
vector couplings.
In Fig. 1, we compare the symmetry energy S as a func-
tion of baryon number density nb for the pure hadronic
matter and pure quark matter. The results of G3 = G8 =
0, 1.5G0, and 10G0 are shown. Usually the quark matter
symmetry energy is much smaller than the TM1e with
G3 = G8 = 0 or 1.5G0, while with G3 = G8 = 10G0, the
result is comparable to TM1e (L = 50 MeV). Thus the
parameter sets with G3 = G8 = (0−10)G0 covers a wide
and reasonable range of symmetry energy.
C. Hadron-quark phase transition
For neutron-star matter, the β equilibrium and the
charge neutrality are satisfied. We adopt simple Gibbs
conditions for the mixed phase connecting the pure
hadronic phase and the pure quark phase. The mixed
phase may appear in the inner core of the neutron stars.
In the Gibbs conditions, the global charge neutrality
condition is given by
unQPc + (1− u)n
HP
c = 0, (22)
in which u = VQP/(VQP + VHP) represents the volume
fraction of quark matter in the mixed phase. The me-
chanical equilibrium requires
PHP (µn, µe) = PQP (µn, µe) . (23)
There are two independent chemical potentials, µn and
µe; the hadronic and quark phases satisfy the chemical
equilibrium condition,
µu + µe = µd = µs =
µn
3
+
µe
3
. (24)
With these equilibrium constraints, we can solve the
mixed phase self-consistently and obtain the properties
of the hadron-quark mixed phase.
III. ISOVECTOR-VECTOR COUPLING
DEPENDENCE OF HADRON-QUARK
COEXISTENCE IN NEUTRON-STAR MATTER
We shall now investigate the effects of isovector-vector
coupling on the equation of state, the density range of
hadron-quark coexistence, and the properties of neutron
stars. For this intent, we use the RMF and NJL mod-
els to describe hadronic and quark matter, respectively.
For RMF, the TM1 and TM1e parameter sets are used.
These parameter sets show different symmetry energy
slopes (L), which show significant effects on the neutron-
star radius. We include isovector-vector coupling in NJL,
which modifies the quark-matter symmetry energy. In
5TABLE II: Model dependence of the coexistence densities and neutron-star properties, G0 = 0.25GS .
Model L G3/G0 G8/G0 n
(1)
b n
(2)
b Mmax/M⊙ n
Mmax
c R(1.4 M⊙)
(MeV) (fm−3) (fm−3) (fm−3) (km)
TM1 110.8 - - - - 2.180 0.871 14.3
TM1/NJL-V 110.8 0 0 0.508 2.209 2.098 0.769 14.3
TM1/NJL-VR1 110.8 1.5 0 0.565 2.168 2.125 0.816 14.3
TM1/NJL-VRY1 110.8 1.5 1.5 0.565 2.225 2.125 0.815 14.3
TM1/NJL-VR2 110.8 10 0 0.687 2.067 2.163 0.850 14.3
TM1/NJL-VRY2 110.8 10 10 0.718 2.240 2.170 0.830 14.3
TM1e 50 - - - - 2.122 0.899 13.0
TM1e/NJL-V 50 0 0 0.681 2.210 2.103 0.900 13.0
TM1e/NJL-VR1 50 1.5 0 0.753 2.170 2.114 0.881 13.0
TM1e/NJL-VRY1 50 1.5 1.5 0.757 2.226 2.115 0.879 13.0
TM1e/NJL-VR2 50 10 0 0.890 2.076 2.122 0.888 13.0
TM1e/NJL-VRY2 50 10 10 0.938 2.241 2.122 0.888 13.0
1.928 ± 0.017 [18, 19] 12 ± 1 [21]
Constraints 40∼60 [17] - - - - 2.01 ± 0.04 [20] - 9.4 ± 1.2 [22]
> 14 [23]
the following discussions, we fix the isoscalar-vector cou-
pling as G0 = 0.25GS, and we compare the results of
(G3/G0, G8/G0) = (0, 0), (1.5, 0), (1.5, 1.5), (10, 0), and
(10, 10), referred to as NJL-V, NJL-VR1, NJL-VRY1,
NJL-VR2, and NJL-VRY2, respectively. NJL-V and
NJL-VRY1 corresponds to models in Ref. [6] and Refs. [7,
9], respectively.
We define n
(1)
b and n
(2)
b as the starting and the ending
baryon densities of the mixed phase. At the density n
(1)
b ,
the energy per baryon in the mixed phase becomes lower
than that of pure hadronic phase. The volume fraction of
quark matter u increases with the baryon number density
nb, and it transforms into pure quark phase at the density
n
(2)
b under the condition that the mixed phase has larger
energy density than the pure quark phase. The model
dependence of the phase transition densities n
(1)
b and n
(2)
b
is summarized in Table II.
A. Equation of state
We first discuss the equation of state. In Fig. 2, we
show the pressure as a function of the baryon num-
ber density for hadronic matter, quark matter, and the
mixed phase obtained under Gibbs conditions. The
top and bottom panels show the results from the TM1
(L = 110.8 MeV) and TM1e (L = 50 MeV) parame-
ter sets, respectively. The left, middle, and right panels
show the results of NJL-V (G3 = G8 = 0), NJL-VRY1
(G3 = G8 = 1.5G0), and NJL-VRY2 (G3 = G8 = 10G0),
respectively.
In Fig. 3, we compare the energy per baryon , E/A−
M , as a function of baryon number density nb for
the hadronic, mixed, and quark phases. Open circles
(squares, triangles) show the transition densities of NJL-
V (NJL-VRY1, NJL-VRY2). We find isovector-vector
and hypercharge-vector couplings delay the transition to
the mixed phase. Although the energy difference be-
tween NJL-V, NJL-VR1, and NJL-VR2 is small in quark
matter, the n
(1)
b difference is very visible, whereas the
n
(2)
b difference is rather small. The reason comes from
the difference of the isospin and hypercharge asymme-
try of quarks, δQ = 3(nd − nu)/(nd + nu + ns) and
δQh = (nu + nd − 2ns)/(nd + nu + ns), in the pure quark
phase and in the mixed phase. In the mixed phase, the
quark matter part is negatively charged and the number
density difference between u quark and d quark (so as
hypercharge difference) is bigger than that in the charge
neutral pure quark phase as can be found from the elec-
tron chemical potential discussed below.
We show the electron chemical potential as a function
of the neutron chemical potential (the baryon density)
in the left (right) panel of Fig. 4. The electron chemi-
cal potential µe in the mixed phase is significantly larger
than that in the pure quark matter at the same baryon
number density nb. The electron chemical potential µe
reflects the chemical potential difference of the u and d
quarks (µd − µu = µe). It can be seen as a signal of
the imbalance between u and d quarks. The system be-
comes more symmetric with decreasing µe. The behav-
ior of µe can explain why the effect of isovector-vector
coupling is more significant at lower densities. For pure
quark matter, there exists a maximum value of µe, which
corresponds to the appearance of s quark. This change
expresses that the imbalance between u and d quarks is
getting smaller. These trends are the same as those found
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FIG. 2: (Color online) Pressures as a function of the baryon number density for the pure hadronic phase (dash-dotted lines),
the mixed phase (dashed lines), and the pure quark phase (solid lines).
0.0 0.2 0.4 0.6 0.8 1.0 1.2
0
100
200
300
400
G
3
=G
8
=G
V
MP
HP (L=50 MeV)
HP (L=111 MeV)
QP (G
V
=10 G
0
)
QP (G
V
=1.5 G
0
)
QP (G
V
=0)
 G
3
=G
8
=0
 G
3
=G
8
=1.5 G
0
 G
3
=G
8
=10 G
0
E/
A-
M
 (M
eV
)
nb (fm
-3)
(a)
0.0 0.5 1.0 1.5 2.0 2.5 3.0
0
200
400
600
800
1000
HP
QP
MP
E/
A-
M
 (M
eV
)
nb (fm
-3)
(b)
FIG. 3: (Color online) Energy density per baryon as a function of the baryon number density for the hadronic, mixed, and
quark phases. The left panel is a local enlargement of the right panel. Open circles (squares, triangles) label the transition
points for G3 = G8 = 0 (G3 = G8 = 1.5G0, G3 = G8 = 10G0).
in Fig. 3.
It would be interesting to discuss the reason why the
electron chemical potential is small in pure quark matter.
In Fig. 4, we find that µe in pure quark matter increases
at low densities, reaches µe ≃ 100 MeV, and turns to
decrease at around µn = 1300 MeV. At this density, the
quark chemical potentials are evaluated as µu ≃ 370 MeV
and µd = µs ≃ 470 MeV. Since the chemical potential of
s quark is close to its threshold value for appearance, then
we expect that the appearance of s quarks would be the
mechanism to suppress the electron chemical potential.
We find that the mixed phase shrinks when the
isovector-vector coupling (G3) and hypercharge-vector
coupling (G8) are switched on. Two couplings, G3 and
G8, modify both of the transition densities, and the shift
of n
(1)
b is larger than that of n
(2)
b . This difference comes
from the density dependence of the isospin asymmetry,
δ ≡ ((1 − u)(nn − np) + u(nd − nu))/nb. In the hadron-
quark mixed phase, the matter tends to be more sym-
metric with increasing baryon number density nb. At
nb ≃ n
(1)
b < 0.9 fm
−3, the isospin asymmetry δ is still sig-
nificant, while δ is almost zero at nb ≃ n
(2)
b > 2.3 fm
−3.
Since the energy from the isovector-vector coupling is
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FIG. 4: (Color online) The left panel shows the relation between the chemical potential of neutron and electron. The right
panel is the electron chemical potential as a function of baryon number density for different phases.
proportional to δ2, it becomes small at high baryon den-
sities. This mechanism also applies to the effect of the
symmetry energy slope L.
B. Particle fraction and asymmetry
We now discuss the isovector-vector coupling (G3) and
hypercharge-vector (G8) coupling effects in terms of the
isospin asymmetry (δ) and hypercharge fraction (δh). We
show δ (δh) as a function of the baryon number density
in the top (bottom) two rows in Fig. 5. We first find
that G3 and G8 obviously suppress δ and δh in the pure
quark phase and the mixed phase. We also note that δ
decreases rapidly when the s quark appears and δh be-
comes smaller than unity. With increasing nb, the effect
from different symmetry energy slope L becomes smaller.
Finite G3 and G8 increase the energy and delay the ap-
pearance of the mixed phase, i.e., two couplings push up
n
(1)
b . By comparison, n
(2)
b is determined by both the en-
ergy increase and the asymmetry decrease in quark mat-
ter. The increase of the energy in quark matter pushes
up n
(2)
b . The decrease of δ and thus µe tends to make
coexisting hadronic matter isospin symmetric and pos-
itively charged, disfavors the mixed phase, and pushes
down n
(2)
b . When both G3 and G8 are switched on, ef-
fects from the energy increase and the asymmetry de-
crease seem to cancel, and n
(2)
b is almost the same as
that without G3 and G8. When only G3 is switched on,
effects from the asymmetry decrease are larger than those
from the energy increase, then n
(2)
b decreases slightly.
Let us further discuss the effects of quark-matter sym-
metry energy on particle fractions. In Fig. 6, we show the
particle number fractions in hadron matter, quark mat-
ter, and the mixed phase, as functions of the baryon num-
ber density. As already mentioned, the electron chemi-
cal potential in the mixed phase is larger than that in
pure quark matter, and therefore the fractions of d and
s quarks in the mixed phase are larger than those in
quark matter. When the isovector-vector coupling G3
and hypercharge-vector coupling G8 are taken into ac-
count, the differences between quark fractions become
smaller and the quark matter tends to be more SU(3)
symmetric. When the s quark appears, the differences
between the u quark and d quark are suppressed further-
more.
C. Neutron stars
Using the EOS of pure hadronic matter, the TM1 pa-
rameter set predicts a maximum neutron-star mass of
2.18M⊙, with M⊙ being the solar mass. The neutron-
star observations of PSR J1614-2230 [18, 19] and PSR
J0348+0432 [20] constrain that the neutron-star maxi-
mummass needs to be larger than 2M⊙. To examine the
effect of isovector-vector coupling G3 and hypercharge-
vector coupling G8 on the properties of neutron stars, we
solve the Tolman-Oppenheimer-Volkoff (TOV) equation
by using models listed in Table II. The mass-radius re-
lation is presented in the left panel of Fig. 7. The right
panel shows the neutron-star mass as a function of the
neutron-star central density nc. We also identified the
central density of the maximum mass star in Figs. 2, 4, 5,
and 6 by green cross marks, which show clearly where the
central density of the maximum mass is located. With
models TM1, TM1e/NJL-V, and TM1e/NJL-VRY1, the
central density may locate in the mixed phase close to
the first transition density n
(1)
b , while the central den-
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FIG. 5: (Color online) The isospin asymmetry and hypercharge fraction for (G3/G0, G8/G0) = (0, 0), (1.5, 0), (1.5, 1.5), (10, 0),
and (10, 10).
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FIG. 6: (Color online) Particle number fractions for the pure hadronic phase (dash-dotted lines), the mixed phase (dashed
lines) and the pure quark phase (solid lines). The fractions of u, d, and s quarks are labeled by green (middle), blue (upper),
red (lower) solid lines in the pure quark phase and green (lower), blue (upper), red (middle) dashed lines in the mixed phase.
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FIG. 7: (Color online) The left panel plots mass-radius relations of neutron stars for different EOS. The solid lines and the
dash-dotted lines (dashed lines) show the results without and with isovector-vector coupling and hypercharge-vector coupling
respectively. The right panel shows maximum mass as a function of neutron-star central density.
sity locates in the pure hadronic matter with model
TM1e/NJL-VRY2. We find that the isovector-vector
coupling enhances the maximum mass of neutron stars
slightly, but the effect is inconspicuous. For the results
of TM1e (L = 50 MeV), it shows a smaller radius than
that of TM1 (L = 110.8 MeV). The influence of G3 on
neutron-star maximum mass becomes even smaller with
TM1e. This is because the onset of the mixed phase in
TM1e is later than that in TM1. In the right panel of
Fig. 7, we can see that when the transition density n
(1)
b is
close to the maximum neutron star central density nMmaxc
(for TM1e case), the hadron-quark coexistence has little
effect for the maximum mass neutron stars.
IV. SUMMARY
Effects of the isovector-vector and hypercharge-vector
couplings in quark matter on hadron-quark phase tran-
sition and neutron-star properties are investigated. In
10
this work, we have used the RMF theory to describe
hadronic matter, and the three flavor NJL model in-
cluding the isovector-vector coupling has been used for
the quark matter. The Gibbs conditions are applied
to describe the hadron-quark mixed phase. We have
found that the mixed phase shrinks with the isovector-
vector coupling in quark matter, while the mixed phase
moves to higher density with both isovector-vector and
hypercharge-vector couplings included. If only isovector-
vector coupling is included in quark matter, the tran-
sition density to the mixed phase (n
(1)
b ) increases by
(0.06−0.25) fm−3, and the transition density to the pure
quark matter (n
(2)
b ) decreases by (0.04−0.14) fm
−3. The
hypercharge-vector coupling delays both n
(1)
b and n
(2)
b .
The inclusion of the isovector-vector and hypercharge-
vector couplings in quark matter has similar effects as
decreasing the symmetry energy slope L in hadronic mat-
ter. Both of them can affect the asymmetry of the
system. We have found that the isovector-vector and
hypercharge-vector couplings suppress the asymmetry of
the nuclear-quark matter system. Meanwhile, the soft-
ening of the EOS due to the hadron-quark phase tran-
sition becomes weaker and the neutron-star maximum
mass increases without modifying the neutron-star ra-
dius around M ∼ 1.4 M⊙, where the central density is
nb ∼ (2− 3) n0.
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